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ABSTRACT

In this paper we proved the some fixed point theorems in Parametric metric spaces.
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INTRODUCTION AND PRELIMINARIES

Fixed point theorems are very important tool for proving the existence and eventually the
uniqueness of the solutions to various mathematical models (integral and partial differ- ential
equations, variational inequalities). In last few years different types of generalized metric spaces
have been developed by different authors in different approach. Some generalized metric spaces
are D-metric space, Cone metric space [4] etc. The notion of parametric metric spaces being a
natural generalization of metric spaces was recently introduced and studied by Hussain et al. [2].
In this paper, we present some fixed point theorems under various expansive conditions in
parametric metric spaces. These results improve and generalize some important known results in
[6,7,8].

PRELIMINARIES

Definition 2.1. Let X be a nonempty set and a function
p X x Xx(0,+0w0) — [0, +o0)
is said to be a parametric metric on X if,

(1) p(x,y,t) =0forallt >0ifandonly ifx =y,

2) ptx,y,t) =p(y, x,t) forallt >0,
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(3) p(x,y,t) <p(x,z,t) +p(z,y,t) forall x,y,ze Xand all t > 0.

and the pair (X, p) is called parametric metric space.

Definition 2.2. Let {xn}n=1 be a sequence in a parametric metric space (X, p).

(1) {xn}n=1 is said to be convergent to x € X, if

lim p(xn, X,t) = 0.
n—

o0

written as lim  Xn =X, forall t > 0,

N—o0

(2) {xn}p=1 is said to be a Cauchy sequence in X if forall t > 0, if

lim p(Xn, Xm,t) =0.
n,m

—>00

(3) (X, p) issaid to be complete if every Cauchy sequence is a convergent sequence.

Definition 2.3. Let (X, p) be a parametric metric space and a function T : X — X

is continuous at x € X, if for any sequence {Xn}p=1 in X such that lim x, = X, then

Nn—oo

imT =TXx
N— Xn

o0

Example 2.4. LetX f4f (0, +)} -R.Anddefinethefunctionp X X (0,%
+& —-)bya@gg,t) f(t) =g(t), f,g |V Xandallt>0.Thenpisa
parametric metric on X and the pair (X, p) is a parametric metric space.

Lemma 2.5. Let {xn}p=1 be a sequence in a parametric metric space (X, p) such that

p(Xn, Xn+1,t) C ip(Xn—l, Xn,t)
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where 1 €[0,1) andn =1,2,... Then {xa}n=1 is a Cauchy sequence in (X, p).

Lemma 2.6. Let (X,p, s) be a parametric metric space with the coefficient s = 1. Let
{Xn}n=1 be a sequence of points of X such that

p(xn’ Xn+l,t) C j«p(xn*h ant)

1
wheresefo  andn=1.2,... Then{x }* s a Cauchy sequence in (X,p, s).

MAIN RESULTS

Theorem 3.1. Let (X, p) be a complete parametric metric space and T a continuous mapping
satisfying the following condition:

p(TX, Ty, t) <amax[p(x,y, 1), p(x, T(X), 1), p, T(Y), 1), p(x, T(Y), 1), p(T
(x),y, 1]

forallx,y X% X y;and for all t > 0, where «a @,[1). Then T has a unique fixed point in
X.

Proof. Choose xo € X be arbitrary, to define the iterative sequence {Xn}nen as follows,

Txn=Xns1forn=1, 2, 3,... Taking X = Xn and y = xn+1 in (1), we obtain

p(Txn,T Xn+1,t) S a max[p(xn; Xn+1, U} p(xnyT Xn) l)y p(xn+l|T Xn+1,t)|
p(xan Xn+l;0: p(Txny Xn+l,t)]-
P(xn+1, Xn+2,t) < a max[p(xn, Xn+1, 1), p(xn, Xn+1, 1), p(Xn+1, Xn+2,1),

p(xn, Xn+2, 1), p(xn+1, Xn+1,0)]. p(xn+1, Xn+2,t) < o max[p(xn,
Xn+1, I,‘), p(Xn, Xn+2,t)].

Case (i): If p(xn+1, Xn+2,t) < ap(xn, Xn+1,t). Hence by induction, we obtain

p(xn+1, Xn+2,t) <a"™p(x0, X1,1), vt>0 and o<1,
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By Lemma 2.5, {Xn}nen is a Cauchy sequence in X. But X is a complete parametric metric space;
hence,{xn}nen is converges. Call the limit x* € X. Then, x,» — X* as n — +oo. By continuity of
T we have,
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Tx*  I(lim x) limTx _ lim X1 =X~
n— =
N—o0 n— n—
o) 0

That is, T x* = x*; thus, T has a fixed point in X.
Case (ii): If p(xn+1, Xn+2,t) < ap(xn, Xn+2,t).

p(xn+1| Xn+2,t) S a (p(xm Xn+l|t) + p(xn+l| Xn+27t)) .
k_ p(xn, Xn+1.t)-
l —«

< hp(xn, Xn+1,t) where h:1 —<1
—a

Hence by induction, we obtain
p(xn+1| Xn+2|t) S hn+1p(x0| Xllt)

By Lemma 2.5, {Xn}nen is @ Cauchy sequence in X. But X is a complete parametric metric space;
hence, {Xn}nen is converges. Call the limit x* € X. Then, x, — X* as n — +oo. By continuity of
T we have,

Tx*  I(limx) 1limTx _ lim X1 =X~
= =
N—o0 n— n—

o0 o0

That is, T x* = x*; thus, T has a fixed point in X.

Uniqueness:
Let y* be another fixed point of T in X; then Ty*=y*and T x* = x*. Now,

p(T X', Ty*’ t) <a max[p(x*, Y t),p(X*, TX*’ t),p(y*, Ty*’ t)’ p(X*! Ty*’ t),p(T X',
y, .

This implies that
p(X,y,t) <ap(x,y,t)

This is true only when p (x*, y*, t) 8 Sox* . HenceT hasaunique fixed point in X.
O
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Corollary 3.2. Let (X, p) be a complete parametric metric space and T a continuous mapping

satisfying the following condition:

p(Tx, Ty t) <amaxp(x, y, 9), p(x, T (x), 1), p(v, T (»), V]
forallx,ye X, x/=y,andt>0,a €][0,1). ThenT has aunique fixed pointin X.
Proof. The proof of the corollary immediately follows since

max[px, v, 1), p(x, T (x). ), p(v. T (v). V)]

=max[p(x, y, ), p(x, T (x), V), p, T ), 1), p(x, T (), 1), p(T (%), 3,
D]

Theorem 3.3. Let (X, p) be a complete parametric metric space and T a continuous mapping
satisfying the following condition:

p(Tx, Ty, t) <alp(x, T (x), 1), pv, T v). D1+ Blo(x, T (), 1), p(T (x), y, V)]
z z
forallx,y e X,anda +f < o o p€ 0 . Then T has a fixed point in X.

=
=

Proof. Choose xo € X be arbitrary, to define the iterative sequence {Xn}nen as follows,
Txn=Xns1forn=1, 2, 3,... Taking X = Xn and y = xn+1 in (1), we obtain

P(T Xn, T Xn+1,t) <afp(xn, T (Xn), 1) +p(xn+1, T (Xn+1), )]
+ﬁ[p(Xn,T (Xn+1), t) +p(T (Xn), Xn+1,t)]
< alp(xn, Xn+1,t) + p(xn+1, Xn+2,1)]
+ ﬁ[p(Xn, Xn+2,t) + p(xn+1, Xn+1,t)]
< oc[p(xn, Xn+1,t) +p(Xn+l, Xn+2,t)]
+ ﬂ[p(Xn,Xn+2,t)]
p(xn+1, Xn+2,t) < OC[p(Xn, Xn+1,t) + p(xn+1, Xn+2,t)]
+ Blp(xn+1, Xn,t) + p(xn+1, Xn+2,1)]
p(Xn+1, Xn+2,t) <(a+ ﬁ)[p(xn, Xn+1,t) + p(xn+1, Xn+2,t)]

+
plXn+ » B <Lp(xn 1) where L e
1 Xn+2 Xn+1 (1-(a+p)

171

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE
TECHNOLOGY



International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in

(NIEST) 2016, Vol. No. 2, Jan-Dec e-1SSN: 2454-9584; p-ISSN: 2454-8111

Hence by induction, we obtain

p(Xn+1, Xn+2,t) < L”+1p(xo, Xl,t)

By Lemma 2.5, {Xn}nen is a Cauchy sequence in X. But X is a complete parametric metric space;
hence,{xn}nen is converges. Call the limit x* € X. Then, x,» — X* as n — +oo. By continuity of
T we have,

Tx I(limx) limTx _ lim Xoe =X
- =

N—o0 n— n—
(0. 0) o0
That is, Tx* =x*. Thus, T has a fixed pointin X. m

Theorem 3.4. Let (X, p) be a complete parametric metric space and T a continuous mapping
satisfying the following condition:

(T, Ty, ) +ap@y, Tx,t) =g PO T Upl, Ty, 1)

+yp(x, Y,
PYERYAD) yp(x, Y,t)

forall x,y € X, x /=y, and for all t > 0, where a, 5,y >0 are real constants and
p+y—2a>1y—oa>1 ThenT has a unique fixed point in X.

Proof. Choose xo € X be arbitrary, to define the iterative sequence {Xn}nen as follows,
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TXxn=Xn1forn=1, 2, 3,... Taking X = Xn and y = Xn+1 in (1), we obtain

o(T xn T 1) + n T t) ﬁﬁ(xn+l,TXn+l,f)D(xn+2,TXn+2,t)

>
+ Xn+2 ap(x + Xn+1 p(Xn+1, Xn+2,t)
1 2 +yp(xn+1, Xn+2,1).

p(x ’t) + X ,t) Zﬁ P(Xn+1, Xn, t)Q(xn+2, Xn+1,t) + X ,t)
X ap(x yp(x

n n+2 p(xn+1, Xne2,t) n+l n+2

p(x ’t) + X ,t) Zﬁ pP(Xn+1, Xn, l‘zg(Xn+1, Xn+2,t) + X ,t)
X ap(x yp(x

n n+2 p(xn+1, Xns2,t) n+l n+2

p(Xn, Xn+1,t) + OCp(Xn, X”+21t) Zﬁp(xn, X”+1’t) + }’p(xn+1, X”+2’t) ,O(Xn,
Xn+1,t) + op(xn, Xn+1,t) + 0p(Xn+1, Xn+2,t) > Bp(xn, Xn+1,t) +yp(Xn+1, Xn+2,t)
(l +a —B)p(xn, Xn+1,t) = (y —a)p(xn+1, Xn+2,t)

for all t > 0. The last inequality gives

l+a—p
plxns1 0 pex ., )
Xn+2 Yy a Xn+1
14—
= kp(xn, t) where k = & <1.
Xn+1 o

Hence by induction, we get
p(xn+1, Xna2,t) < K" p(xo, X1,t)

By Lemma 2.5, {xn}nen is @ Cauchy sequence in X. But X is a complete parametric metric space;
hence,{xn}nen is converges. Call the limit x* € X. Then, xn» — x* as n — +oo. By continuity of
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T we have,
Tx*  I(lim x) limTx _ lim X1 =X
m =
N—o0 n— n—
o0 o 0]

That is, T x* = x*; thus, T has a fixed point in X.

Uniqueness:

Let y* be another fixed point of T in X; then T y* =y*and T x* = x*. Now,

FTxE ey, Ty  t
P Ty ) ap(y Tty  pP T DPORTYLD 0 vy
p(X*,y*t)
pXLy, ) +tap(x',y, 1) >yp(x,y,t)
p(X*’y*!t) 2 (V _Ot)p(X*, y*,t)
1
p(x,y,t) < —px,y,t)

Yy — o

This is true only when p (x*, y*, t) =0.
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Hence T has a unique fixed pointin X. m

Theorem 3.5. Let (X, p) be a complete parametric metric space and T a continuous mapping
satisfying the following condition:

p(Tx, Ty, t)+amin{px, Ty, t), p(y, Tx, )}
px, TX, O[5 +p(y. Ty, t)] o+p(x,y,1)
B w(x, y,t)
forall x,y € X, x /=y, and for all t > 0, where 6 > 1, and «, 5, y > 0 are real constants and
+y—a>1+a 7y>1+a. ThenT has a fixed point in X.

Proof. Choose xo € X be arbitrary, to define the iterative sequence {Xn}nen as follows,
Txn=Xn-1forn=1, 2, 3,... Taking X = Xn and y = xn+1 in (1), we obtain

p(TXn+1,T Xn+2,t) +a min{p(Xn+1,T Xn+2, 0, p(Xn+2,T Xn+1t)}
/%D(xn+l|T Xn+l;t)[5 +D(xn+2,T Xn+21t)-| +

n., b
w( + Xn+
« 0 +p(xn+1, Xn+2,1) 1 2
p(xn, Xn+11t) + a min{p(xn"‘l; Xn+1, t)} p(xn+2| ant)}
&Q(XnﬁL,Xn,t“a +Q(Xn+2,Xn+1,t“ +on, ,t)
P+ Xn+
X 0 +p(xn+1, Xn+2,t) 12
p(xn, Xn+1,t) + o Min{p(xn+1, Xn+1, 1), p(xn+2, Xn, 1)} 1).
P(Xn+1, Xn,t”é + p(Xn+1, Xn+2,t)|
2 + n
yp( 4 Xnt
X 0 +p(Xn+1, Xn+2,1) 1 2

p(xn, Xn+1,t) + ap(xn, Xn+2,t) > Bp(xn, Xn+1,t) + po(xn+1, Xn+2,t)

p(xn, Xn+1,t) + ap(xn, Xn+1,t) + ap(xn+1, Xn+2,t) > Bp(xn, Xn+1,t) + yp(xn+1, Xn+2,t) (L +a
= P)p(xn, Xn+1,t) = (y — a)p(Xn+1, Xn+2,t)
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for all t > 0. The last inequality gives

1+a—p
planss 1) pix ., 0 =kpla Y
Xn+2 7 a Xn+1 Xn+1
1+a-—

< 1. Hence by induction, we obtain

P(xn+1, Xn+2,t) <Ko (xo, X1,t)

By Lemma 2.5, {Xn}nen is @ Cauchy sequence in X. But X is a complete parametric metric space;
hence,{xn}nen is converges. Call the limit x* € X. Then, Xxn» — x* as n — +oo. By continuity of
T we have,

Tx*  I(limx) 1limTx _ lim X1 =X~
= =
N—o0 n— n—

0 (o.8]
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That is, T x* = x*; thus, T has a fixed point in X.

Uniqueness:
Let y* be another fixed point of T in X; then T y* =y*and T x* = x*. Now,

* * * *
p(Tx, Ty 1) +amingo(c, Ty D, oy, Te, 1y 252 0 DAOL 2 0LTY D)

+yp (X, YL 1) p (X, yL ) +op (X, y', 1) >

yp (XY, 1)
p(X*’ vy, t) 2 (y _a)p(X*’ vy, t)

1
Xi) *at X*l *;t
This is true only when p (x*,y*, t) =0. PO YLY) < _ YY)

Hence T has a unique fixed pointin X. m
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